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MDPs and Motivation
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Markov Decision Processes
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• Finite set of states and actions: 


• Reward , discount factor 


• Transition probabilities 


• History-dependent policy : maps all finite histories to 


• Stationary policy : maps  to 


• Objective: Evaluate and Optimize

𝒮, 𝒜

r(s, a, s′￼) ∈ ℝ γ ∈ [0,1)

P = (P(s, a, s′￼))

π ∈ Π𝖧 Δ(𝒜)

π ∈ Π𝖲 𝒮 Δ(𝒜)

Start

Lose

Win

a1, a2 : (1; 0)

a1 : (1/3; 1)

a1 : (2/3; 0)

a2 : (1/2; 0)

a2 : (1/2; 1)

a1, a2 : (1; 0)

MDP with three states and two actions. The edges 
 are labeled with pairs .(s, a, s′￼) (P(s, a, s′￼), r(s, a, s′￼))

Vπ,P(s) = 𝔼π,P
S̃0=s (

∞

∑
t=0

γtr(S̃t, Ãt, S̃t+1))



Problem: Epistemic Uncertainty in MDPs
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Nominal MDPs:  
transition kernel  is known and fixed


In practice:  is estimated  model errors


High-stakes settings: 

• Healthcare (scheduling, treatment)


• Vehicle routing


• Finance / Energy

P

P ⇒

Existing litteratures: 

• Robust MDPs: studies


• Optimistic MDPs: studies  

• Multi-model MDPs: studies 


• Percentile Opt.:  ( quantile)𝖵𝖺𝖱 ∼

Each introduced independently, with ad hoc analysis. 

inf
P∈𝒫

Vπ,P(s)

sup
P∈𝒫

Vπ,P(s)

avgP∈𝒫 Vπ,P(s)

MAIN RESEARCH QUESTION: Provide a unified picture of what is possible.



Dynamic Programming
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Bellman Operator
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s0

s2

s1a1 : (1; 1)

a2 : (1/2; 0)

a2 : (1/2; 1)

MDP with three states and two actions. The edges 
 are labeled with pairs .(s, a, s′￼) (P(s, a, s′￼), r(s, a, s′￼))

Terminal reward v2 = 2

Terminal reward v1 = 1• Policy : takes  with proba 


• Expected reward after one time step: 

(λ1, λ2) ai λi

λ1(1 + γ) + λ2 (1/2(1 + γ) + 1/2(0 + 2γ))

Bellman operator: 	  

Input: Reward  for playing  rounds 

Output: Reward  for playing  rounds 

	

v [t + 1,…, ∞)

Tπ,Pv [t, …, ∞)

Tπ,Pv(s) = ∑
a∈𝒜

π(s, a) ∑
s′￼∈𝒮

P(s, a, s′￼)(r(s, a, s′￼) + γv(s′￼))



Dynamic Programming for Nominal MDPs 
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Value function:

Optimal Value function: VP(s) = sup
π∈Π𝖧

Vπ,P(s)

Dynamic Programming Principle [Puterman, 2014]: 

For any MDP and :


	 and	

π ∈ Π𝖲

Vπ,P = Tπ,PVπ,P VP = TPVP

 Stationary optimal policy                Value / Policy iteration                Exponential Convergence⇒ ⋅ ⋅

Question: Does a similar principle hold when  is uncertain ?P

Tπ,Pv(s) = ∑
a∈𝒜

π(s, a) ∑
s′￼∈𝒮

P(s, a, s′￼)(r(s, a, s′￼) + γv(s′￼))Vπ,P(s) = 𝔼π,P
s (

∞

∑
t=0

γtr(S̃t, Ãt, S̃t+1))
Optimal Bellman operator: TPv(s) = sup

π∈Π𝖲

Tπ,Pv(s)

Bellman operator:



Risk Measures
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Risk Measures
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Definition:  
A risk measure  maps a random variable to a 
scalar.


Key property: Law-invariance


ρ

ℒ(X̃) = ℒ(Ỹ) ⟹ ρ(X̃) = ρ(Ỹ)

Standard Examples: 

• Expectation  


• Essential Infimum 


• Essential Supremum 


•

𝔼[X̃]

ess inf[X̃] = inf 𝗌𝗎𝗉𝗉(X̃)

ess sup[X̃] = sup 𝗌𝗎𝗉𝗉(X̃)

𝖵𝖺𝖱α(X̃), 𝖢𝖵𝖺𝖱α(X̃), 𝖤𝖱𝖬β(X̃)

Most standard examples are law-invariant and 
monetary (monotone + translation-invariant)



Ambiguity-Averse MDPs
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Framework Definition
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Two uncertainty models: 

• Static:  for all t 
one initial draw, fixed forever


• Resampled:  
new draw at every period

P̃t = P̃0

P̃t
iid∼ ν

Definition: 
An Ambiguity-Averse MDP is a tuple  with   a distribution over transition kernels.


Core idea: treat  as a random variable, the value function  is now random and evaluated with a 
risk-measure .

(𝒜, 𝒮, r, ν, γ) ν

P̃ Vπ,P̃

ρ

Assumptions on : 

1.  has product structure: the random variables 
 are mutually independent under 


2.  is convex

ν
ν
{P̃(s, ⋅ , ⋅ )}s∈𝒮 ν

𝗌𝗎𝗉𝗉(ν)

1; 0

Start End
1 − X̃; 1

X̃; 1
X̃ ∼ Unif[0,1]
γ = 1/2



DP-compatible risk-measures
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DP-compatible risk-measures
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A-A Value function: 


A-A Bellman operator: 


Vπ,ν,ρ(s) = ρ(Vπ,P̃(s))

Tπ,ν,ρv(s) = ρ(Tπ,P̃v(s))

A-A Optimal Value function:



A-A Optimal Bellman operator:




Vν,ρ(s) = sup
π∈Π𝖧

Vπ,ν,ρ(s)

Tν,ρv(s) = sup
π∈Π𝖲

Tπ,ν,ρv(s)

Question: 

For which  do we have

• Bellman Evaluation Equation (BE): 

     for any ambiguity-averse MDP and 	 
• Bellman Optimality Equation (BO): 

     for any ambiguity-averse MDP	 	

ρ

Vπ,ν,ρ = Tπ,ν,ρVπ,ν,ρ π ∈ Π𝖲

V,ν,ρ = Tν,ρVν,ρ



Example : Robust MDPs ( )ρ = ess inf
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Conclusion from RMDP literature [Wiesemann et al., 2013]: 
        is DP-compatible (i.e. it satisfies both Bellman Equations)ρ = ess inf

Reformulation of Robust MDPs: ess infP̃∈ν Vπ,P̃(s) = inf
P∈𝗌𝗎𝗉𝗉(ν)

Vπ,P(s)

sup
π∈Π𝖧

ess infP̃∈ν Vπ,P̃(s) = sup
π∈Π𝖧

inf
P∈𝗌𝗎𝗉𝗉(ν)

Vπ,P(s)

 Stationary optimal policy                Value / Policy iteration                Exponential Convergence⇒ ⋅ ⋅



Counter-Example: Multi-model MDPs for static kernels
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1; 0

Start End
1 − X̃; 1

X̃; 1     static 

one initial draw, fixed forever


, Single action

X̃ ∼ Unif[0,1]

γ = 1/2

Vπ,ν,𝔼ν =
𝔼 (∑t⩾0 (1/2)tX̃t)

𝔼(0)
= (2 log(2)

0 )

Tπ,ν,𝔼νVπ,ν,𝔼ν = (1 + log(2)/2
0 ) ≠ Vπ,ν,𝔼ν

Conclusion: 

 is not DP-compatible for static kernels  
(i.e. it doesn’t satisfy the Bellman Equations)
𝔼

Main issue:  for 𝔼[X̃2] ≠ 𝔼[X̃]2 X̃ ∼ Unif[0,1]



Main Results
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Complete Characterization
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Theorem: 

Static Kernels: The following are equivalent


(i)  satisfies (BE) equation	 (ii)  satisfies (BO) equation	 (iii) 


Resampled Kernels: The following are equivalent


(i)  satisfies (BE) equation	 (ii)  satisfies (BO) equation	 (iii) 

ρ ρ ρ ∈ {ess inf, ess sup}

ρ ρ ρ ∈ {ess inf, ess sup, 𝔼}

Surprising (BO) (BE): 

Evaluation over all policies is equivalent to evaluation over the single optimal policy

⟺

Proof idea: Exhibits a MDP structure where

• transition to one next state  positive homogeneity i.e.  for  


• transitions to two next states  additivity (independent) i.e.  for 
⇒ ρ(αX̃) = αρ(X̃) α ≥ 0

⇒ ρ(X̃ + Ỹ) = ρ(X̃) + ρ(Ỹ) X̃ ⊥⊥ Ỹ



Discussion and Conclusion
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Takeaways
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Advantages of DP 

• Stationary optimal policies exist

• Value and Policy iteration at exponential rate

Complete Characterization 
Among law-invariant monotone risk-measures, 
only robust ( ), optimistic ( ) and 
neutral ( , resampled) admit DP.

ess inf ess sup
𝔼

 Impossibility 

•  all DP-incompatible

• Explains why no new tractable model emerged  

after RMDPs 

• Static  Resampled in difficulty

×
𝖵𝖺𝖱, 𝖢𝖵𝖺𝖱, 𝖤𝖱𝖬, 𝖤𝖵𝖺𝖱

≫

Beyond DP 

• Augmented state space

• Nested risk-measures

• Direct policy gradient



Conclusion
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1. Unifying framework: ambiguity-averse MDPs recover nominal, robust, optimistic, multi-
model and percentile MDPs via the choice of .


2. DP Machinery: Bellman operators remain contractions, value/policy iteration converge 
exponentially.


3. Complete Characterization: Only  (resampled) are DP-
compatible among law-invariant monotone risk-measures.

ρ

ess inf, ess sup  and 𝔼

Thank you! 
arXiv:2602.03381
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Robust MDPs and -rectangularitys
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A Robust MDP is a tuple  with   a set of possible probability kernels(𝒜, 𝒮, r, 𝒫, γ, μ) 𝒫 ⊆ Δ(𝒮)𝒮×𝒜

Definition: -rectangularity [Wiesemann et al., 2013] 
 is -rectangular if it decomposes state by state:  

Examples for 2 states  and 1 action : 


•  is -rectangular


•  is not -rectangular

s
𝒫 s 𝒫 = ×s∈𝒮 𝒫s , 𝒫s ⊆ Δ(𝒮)𝒜

(s1, s2) (a)

𝒫 = {((P(s1, a, s1) : 1/2 − ε
P(s1, a, s2) : 1/2 + ε), ( P(s2, a, s1) : ξ

P(s2, a, s2) : 1 − ξ)) ε ∈ [−1/4,1/4], ξ ∈ [0,1/3]} s

𝒫 = {(( P(s1, a, s1) : x
P(s1, a, s2) : 1 − x), ( P(s2, a, s1) : y

P(s2, a, s2) : 1 − y)) x + y = 1, x, y ∈ [0,1]} s

 In practice: each  must be estimated independently⇒ P(s, ⋅ , ⋅ )



Dynamic Programming for Robust MDPs

24

Robust Value function: 


Robust Bellman operator: 


Vπ,𝒫,inf(s) = inf
P∈𝒫

Vπ,P(s)

Tπ,𝒫,infv(s) = inf
P∈𝒫

Tπ,Pv(s)

Robust Optimal Value function:



Robust Optimal Bellman operator:




V𝒫,inf(s) = sup
π∈Π𝖧

Vπ,𝒫,inf(s)

T𝒫,infv(s) = sup
π∈Π𝖲

Tπ,𝒫,infv(s)

Dynamic Programming for RMDPs [Wiesemann et al., 2013]: 

If  is -rectangular and convex, then for any RMDP and :


    and  	

𝒫 s π ∈ Π𝖲

Vπ,𝒫,inf = Tπ,𝒫,infVπ,𝒫,inf V𝒫,inf = T𝒫,infV𝒫,inf

 Stationary optimal policy                Value / Policy iteration                Exponential Convergence⇒ ⋅ ⋅
Question: Does a similar principle hold if we replace  by something else ?inf



DP Machinery

25

Proposition: If  is monotone and translation-invariant, then


• both  and  are monotone, translation-invariant and contracting  
(i.e. )


• Attainability: For any , there exists  such that .

ρ

Tπ,ν,ρ Tν,ρ

|T(X̃) − T(Ỹ) | < γ ess sup | X̃ − Ỹ |

v ∈ ℝ𝒮 π ∈ Π𝖲 Tν,ρv = Tπ,ν,ρv

Proposition [Crandall and Tartar, 1980]:  
A monotone translation invariant risk-measure is non-expansive: |ρ(X̃) − ρ(Ỹ) | ⩽ ess sup | X̃ − Ỹ |



Summary Table of main variants
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• DP: Bellman Equations hold	 	 Tract.: polynomial-time solvable 
• Static kernels are strictly harder than resampled kernels (more correlation)

Table 1: Summary and properties of the main variants of MDP models studied in this paper. These models are
reformulated as ambiguity-averse MDPs with a risk measure ω(X̃). For nominal MDPs, we note “εP ” for a Dirac
measure supported on the set {P}. For robust MDPs and optimistic MDPs, we assume a rectangular convex compact
uncertainty set. The column “DP” indicates whether Condition 1 and Condition 2 hold. The column “ϑω → !S”
indicates that an optimal policy can be chosen stationary. The column “Trac.” indicates whether the problem is tractable:
for this column, “↑” refers to NP-hardness, “↭” refers to problems that can be solved in polynomial time (when the
discount factor is fixed).

Name Objective Risk measure ω(X̃) Static Kernels Resampled Kernels

DP εω → !S Trac. DP εω → !S Trac.

Nominal MDP µ→V ε,P Eϑ(X̃) with ϑ = ϖP ↭ ↭ ↭ ↭ ↭ ↭
Robust MDP infP↑P µ→V ε,P ess inf(X̃) ↭ ↭ ↭ ↭ ↭ ↭
Optimistic MDP supP↑P µ→V ε,P ess sup(X̃) ↭ ↭ ↭ ↭ ↭ ↭
Multi-model MDP Eϑ(µ→V ε,P̃ ) Eϑ(X̃) ↑ ↑ ↑ ↭ ↭ ↭
Percentile optimization VaRϖ(µ

→V ε,P̃ ) VaRϖ(X̃) ↑ ↑ ↑ ↑ ↑ ↑

nominal value functions defined in (2). Similarly to the case of nominal MDPs, we define the ambiguity-averse value
function V ε,ϑ,ϖ → RS under policy ϑ → !H as:

V ε,ϑ,ϖ(s) = ω
(
V ε,P̃ (s)

)
, ↓s → S ,

where we recall that the nominal value function is defined in Equation (2). We recall that the randomness (for the risk
measure ω) is only in P̃ . The optimal ambiguity-averse value function V ϑ,ϖ → RS is

V ϑ,ϖ(s) = sup
ε→!H

V ε,ϑ,ϖ(s), ↓s → S .

Examples and related work We briefly overview some important examples of ambiguity-averse MDPs here; see
Appendix C for a rigorous presentation.

• Nominal MDPs with (fixed) kernel P correspond to static kernels with ϖ a Dirac distribution supported on P ,
and ω(X̃) = Eϑ(X̃), so that we recover the classical nominal MDP objective: ω(µ↑V ε,P̃ ) = µ↑V ε,P .

• Robust MDPs with compact convex uncertainty set P correspond to static kernels, with ϖ supported on
P , and ω(X̃) = ess inf(X̃), so that we recover the classical RMDP objective [Wiesemann et al., 2013]:
ω(µ↑V ε,P̃ ) = infP→P µ↑V ε,P .
The case of robust MDPs with Markovian kernels can be modeled with resampled kernels, see Appendix C.
We also cover optimistic MDPs for ω(X̃) = ess sup(X̃), see Lemma A.2 for the connection between
ess inf, ess sup, inf , and sup.

• Multi-model MDPs (MMDP) with a distribution ϖ over the plausible realization of the transition kernels
correspond to ω(X̃) = Eϑ

(
X̃
)

. Most of the literature focus on the case of static kernels, for which we recover

the classical MMDP objective [Steimle et al., 2021]: ω(µ↑V ε,P̃ ) = Eϑ

(
µ↑V ε,P̃

)
.

• Percentile Optimization with distribution ϖ and risk level ϱ → (0, 1) corresponds to static kernels, with
ω(X̃) = VaRϱ(X̃), so that we recover the popular percentile optimization objective [Delage and Mannor,
2010, Lobo et al., 2023]: ω(µ↑V ε,P̃ ) = VaRϱ(µ↑V ε,P̃ ). Similarly, we can recover related frameworks that
use risk measures other than VaR, referred to as soft-robustness [Lobo et al., 2020] or Bayes risk-aversion [Lin
et al., 2022], by choosing the appropriate risk measures.

We refer to Table 1 for a summary of these reformulations. Given this unification, a natural question that arises is
whether we can compute an optimal ambiguity-averse policy in general; i.e., whether we can solve (6) efficiently. Given
the central role of Bellman operators and Bellman equations in solving nominal and robust MDPs, we next extend these
notions to ambiguity-averse MDPs.
Remark 3.5. Distributionally robust MDPs (DRMDPs) require an ambiguity set of plausible distributions and not
just a single distribution ϖ as in Definition 3.1. To model DRMDPs as ambiguity-averse MDPs, one would need the
formalism of ambiguous probability space [Delage et al., 2019], requiring considerably more notation and formalization.
This extension is left as an interesting next step.
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Necessary Conditions to be DP-compatible
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Proof idea: Exhibits a MDP structure where

• transition to one next state  positive homogeneity i.e.  for  


• transitions to two next states  additivity (independent) i.e.  for 
⇒ ρ(αX̃) = αρ(X̃) α ≥ 0

⇒ ρ(X̃ + Ỹ) = ρ(X̃) + ρ(Ỹ) X̃ ⊥⊥ Ỹ

Proposition: Let  be law-invariant and non-constant. If  is DP-compatible, then it satisfies


• Identity on constants:  for all 


• Positive homogeneity:  for 


• Additivity (independent):  for 

ρ ρ

ρ(c) = c c ∈ ℝ

ρ(αX̃) = αρ(X̃) α ≥ 0

ρ(X̃ + Ỹ) = ρ(X̃) + ρ(Ỹ) X̃ ⊥⊥ Ỹ

Already rules out: 

•   (not positive homogeneous)


•   (not additive independent)

𝖤𝖱𝖬β

𝖢𝖵𝖺𝖱α, 𝖵𝖺𝖱α


